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Learning Objectives
« Evaluate limits by direct substitution, factoring, and rationalizing
» Apply the Squeeze Theorem and recognize one-sided limits
* Evaluate trigonometric and limit-at-infinity problems
» Understand the definition of the derivative as a limit

Show all steps. For 0/0 or «/co forms, state the technique used before simplifying.

1. Evaluate the limit by direct substitution.

lim(2x2 —5x + 1)
x—3

Answer:

2. Evaluate the limit by factoring.

. 2 _

limX-_ =4

x—=2 X — 2
Answer:

3. Evaluate the limit by factoring.

2
X +5x+6
x|—|>rp3 X+ 3

Answer:

4. Evaluate the limit by rationalizing the numerator.

|im7‘“x+x9—3
x—0

Answer:

5. Evaluate the trigonometric limit.

. sin(5x)
iy =

Answer:

6. Evaluate the limit at infinity.

2 _
m3x2 1
X=2® x° 45

Answer:
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7. Evaluate the one-sided limit.

lim X =2
x—=2 |X - 2|
Answer:

8. Determine if the limit exists. Evaluate both one-sided limits.

lim f(x), fix)=x%ifx<l1l, fix)=2x—-1ifx=1

x—-1*

Answer:

9. Evaluate the limit involving a difference quotient.

2 _ 2
lim (x+h) X
h—0 h

Answer:

10. Apply the Squeeze Theorem. Given —x2 < f(x) < x2 near x = 0, find the limit.

Iirrg f(x) given —x? = f(x) < x?
X

Answer:
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ANSWER KEY & SOLUTIONS

N' MATH 210 — Limits & Continuity
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Problems 4 and 5 introduce rationalization and trig limits (sin x/x) — emphasize the standard result lim sin(u)/u = 1.
Problem 9 connects limits to the derivative definition.

Solutions

1. Evaluate the limit by direct substitution.
lim(2x? —5x+1)
x-3
- Substitute x = 3 directly: 2(9) — 5(3) + 1.
- =18-15+1=4,

Answer: 2(3)2-5(3)+1=4

2. Evaluate the limit by factoring.

. 2 _
limX. =4
X—2 X—2

— Factor numerator: x> — 4 = (x=2)(x+2).
- Cancel (x-2): limit becomes lim(x+2) as x - 2.
- =2+2=4.

lim(x+2)=4
X—=2

3. Evaluate the limit by factoring.

oo X2 +5x+6
xILrPa x+3
_. Factor numerator: x> + 5x + 6 = (x+3)(x+2).
- Cancel (x+3): limit becomes lim(x+2) as x - —3.
- =-3+2=-1

Answer: Jim (x+2)=-1

4. Evaluate the limit by rationalizing the numerator.

lim VXx+9-3
x-0 X

- Multiply by conjugate (V(x+9)+3)/(V(x+9)+3).
— Numerator becomes (x+9)-9 = x.

- Simplify: x / [X(V(x+9)+3)] = 1/(V(x+9)+3).

- As x-0: 1/(V9+3) = 1/6.

: 1
Answer: 6
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5. Evaluate the trigonometric limit.

lim sin(5x)
x-0
- Rewrite: sin(5x)/x = 5-sin(5x)/(5x).
- Letu=5x. Asx-0, u-0.
- Use the standard limit: lim(sinu/u) =1 as u-0.

- Result: 5:1 =5.

asinu _
Answer: 5-lim>p==5
u-0
6. Evaluate the limit at infinity.

lim3x* -1
== xZ 15

- Divide numerator and denominator by X (highest power).
L =(3-1X%) 11 +5K).
- AS X - 0, 1/x% . 0: result = 3/1 = 3.

Answer: 3

7. Evaluate the one-sided limit.

lim X=2
X—=2- |X— 2|

- For x &lt; 2: |x-2| = =(x-2), so (x-2)/|x-2| = -1.
- Left-hand limit = -1.

Answer: -1

8. Determine if the limit exists. Evaluate both one-sided limits.

Iirlq filx), fx)=x%ifx<l, fix)=2x-1ifx=1
x=1-

_ Left-hand limit (x &It; 1): lim x° = 1.
- Right-hand limit (x = 1): lim (2x-1) = 2(1)-1 = 1.
- Both sides equal 1, so the limit exists and equals 1.

. 2_ . _
Answer: X'Lq"_x =1, JLFR(ZX—I)—I

9. Evaluate the limit involving a difference quotient.

"m(x+h]2 - x?

h=0
— Expand (x+h)? = x% + 2xh + h?.
— Numerator: x> + 2xh + h? = x? = 2xh + h?,
- Factor h: h(2x + h)/h = 2x + h.

- As h-0: limit = 2x.

Answer: 2x
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10. Apply the Squeeze Theorem. Given —x2 < f(x) < x2 near x = 0, find the limit.

limflx) given —x? = f(x) < x?
x-0

~ lim(-x?) = 0 and lim(x) = 0 as x 0.
- By the Squeeze Theorem: lim f(x) = 0.

Answer: 0
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