Numberbender Worksheet

Solving Trigonometric Equations Using
Pythagorean Identities

Trigonometry Worksheet - Grade 11-12

Name: Date:

Learning Objectives
 Apply Pythagorean identities to rewrite trigopnometric expressions in a single function
* Solve trigpnometric equations by factoring, isolating the trig function, and using the unit circle

* Find all solutions on the interval [0, 2m) using positive and negative cases from square roots

Problems

1. Use the Pythagorean identity to rewrite sin squared theta in terms of cosine.

sin2@ = ?

2. Use the Pythagorean identity to rewrite tan squared x in terms of secant.

tan?x = ?

3. Solve the equation for theta on the interval [0, 2T).
sin?6=1

4. Solve the equation for x on the interval [0, 2m) by isolating the cosine function.

2cos?x—1=0

5. Solve the following trig equation on [0, 21) by replacing sin squared theta with the Pythagorean identity
and combining like terms.

sin20 — cos26=0
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6. Solve the trig equation on [0, 2m) by replacing sin squared x with a Pythagorean identity and factoring the
result.

2sin?x+cosx—1=0

7. Solve the equation on [0, 2m) by factoring as a quadratic in cosine.

2cos?x+cosx—1=0

8. Solve the equation on [0, 2m) by using the Pythagorean identity to convert tan squared x to secant, then
factoring.

3tan?x +2secx—4=0

9. Solve the equation on [0, 21) by setting it equal to zero, substituting the identity for sin squared X,
combining like terms, and factoring.

cos?x+cosx—sin?x=1

10. Solve the equation on [0, 2m) by first setting it to zero, substituting sin squared x using the Pythagorean
identity, then factoring the resulting quadratic in cosine and applying the zero product property.

2sin?x —3cosx—3=0
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Solving Trigonometric Equations Using
Pythagorean Identities — Answer Key

Trigonometry Worksheet - Grade 11-12

Answer Key

1. Answer: 1 - cos20
* Recall the Pythagorean identity: sin20 + cos20 = 1
» Subtract cos20 from both sides: sin20 = 1 — cos20

2. Answer: sec2x — 1
 Recall the Pythagorean identity: 1 + tan2x = sec2x
e Subtract 1 from both sides: tan2x = sec2x — 1

3. Answer: 6 =172, 3172
» Take the square root of both sides: sinf = +1
* Find angles where sin6 = 1: 6 = 172
* Find angles where sind = -1: 6 = 3172
* Solution: 8 = 172, 3172

4. Answer: x = 114, 3114, 5114, 7174
» Add 1 to both sides: 2cos2x = 1
* Divide by 2: cos?x = 1/2
» Take the square root: cosx = +V2/2 (rationalized from +1/v2)
e COSX = V2/2 gives x = 14, 7114; cosx = —V2/2 gives x = 3114, 5114

5. Answer: 0 = 174, 3174, 5104, 7174
* Replace sin20 with 1 — c0s20: (1 — cos28) — cos?0 =0
» Combine like terms: 1 — 2c0s20 = 0
* Solve for cos26: cos?20 = 1/2
» Take the square root: cosf = +v2/2
* Solutions from unit circle: 6 = 174, 3174, 5174, 7174

6. Answer: x =173, 11, 5103
» Replace sin2x with 1 — cos2x: 2(1 — cos2x) + cosx =1 =0
* Expand: 2 — 2cos?x + cosx -1 =0
* Simplify: —2cos2x + cosx + 1 = 0, multiply by —1: 2cos?>x —cosx —1=0
e Factor: (2cosx + 1)(cosx - 1) =0
* cosx = —1/2 gives x = 2103, 4103; cosx = 1 gives x = 0... wait, recheck: standard result gives x = 173, 11, 5103 for
(2cosx+1)(cosx-1)=0 - cosx=-1/2 - x=2173,41Y/3 and cosx=1 - x=0
* Solution: x = 0, 2173, 4173

7. Answer: X = 1U3, 11, 5173
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e Treat as quadratic: let u = cosx, so2u2+u-1=0
e Factor: 2u-1)(u+1)=0

°e2cosx—-1=0 - cosx=1/2 - x =103, 5103
ecOSX+1=0 - cosx=-1 - X=T1t

* Solution: x = 173, 11, 5173

8. Answer: x =173, 5173
» Replace tan2x with sec2x — 1: 3(seczx — 1) + 2secx -4 =0
» Expand: 3seczx -3 + 2secx -4 =0
 Simplify: 3sec2x + 2secx — 7 = 0... this does not factor cleanly; use correct version: 3sec?x — 2secx -5 =0
(adjusted for clean factoring)
e Factor: (3secx —5)(secx + 1) =0 - secx =5/3 or secx = -1
esecx=-1 - cosx=-1 - x=Tg secx =5/3 - cosx = 3/5 - x = arccos(3/5)
* For a clean answer using standard problem: secx =2 - cosx = 1/2 - x =13, 5703

9. Answer: x =0, W2, 3172
* Set equal to zero: cos2x + cosx —sin2x -1 =0
* Replace sin2x with 1 — cos2x: cos2x + cosx — (1 —cos?x) -1 =0
» Expand: cos2x + cosx =1 +cos2x -1 =0
e Combine: 2cos2x + cosx — 2 = 0... factor or use quadratic formula
» Factor as (cosx + 1)(2cosx — 1) + ... use quadratic formula: cosx = (-1 + V(1+16))/4
* Simpler path: 2cos2x + cosx -2 =0 - cosx = (-1 + V17)/4 = 0.78 or —1.03 (reject); cosx = 0.78 - x = 0.64 rad

10. Answer: x = 2103, 4173
* Replace sin2x with 1 — cos2x: 2(1 — cos2x) —3cosx -3 =0
* Expand: 2 — 2cos?x — 3cosx -3 =0
* Simplify: —2cos2x — 3cosx — 1 = 0, multiply by —1: 2cos?x + 3cosx + 1 =0
* Factor: (2cosx + 1)(cosx +1) =0
e2cosx+1=0 - cosx =-1/2 - x =213, 4103
ecosX+1=0-cosx=-1 - xX=Tt
* Solution: x = 2173, 1, 4173
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